In this paper, dynamic characteristics of the symmetrical traction system with tensioned pulley acting on compensating rope is theoretically investigated. Due to the excitations from drum, the traction system will occur longitudinal and transverse vibration. In order to explore the differences between traditional traction system and tensioned traction system with different tensioned methods and seek the optimal method of vibration suppression, the damping cylinder and terminal tension acting on compensating rope between tensioned pulley and ground are placed. Caused by the change of the rope's property, the system will produce different dynamic responses. Here, the differential-algebraic equations (DAEs) are derived using Hamilton principle. The transverse and longitudinal nonlinear coupling of ropes are considered. The generalized-α method is selected to solve the DAEs. Based on the response characteristics of the system, the time-frequency characteristics with different terminal damping are obtained by CWT (continuous wavelet transform) and FFT (fast Fourier transform). From results, it can be seen that tensioned pulley plays an important role in suppressing transverse and longitudinal vibration of the symmetrical traction system compared with traditional traction system, especially by adding damping cylinder. The amplitude of system decreases exponentially with the increase of the terminal damping acting on tensioned pulley. Different running speeds of tensioned traction system are discussed. The results can inform the development of relevant mitigating strategies to minimize the effects of excessive vibrations.
Introduction
The traction system has been widely used in many lifting fields, such as elevators, mining hoisting cableway, belt conveyors and cranes. The lifting system consists of four major components: driving drum, lifting rope, compensating rope and conveyances. Caused by the elasticity of the ropes, vibration phenomenon will occur under the excitation of the drum, which will even occur large resonance phenomenon. The dynamical characteristic and vibration controlling method of rope drives have been studied by many researchers. Li [1] established an electric pulley cableway model in banana plantation by Lagrange equations. The dynamic characteristics were analyzed theoretically and experimentally. Feng Huirong [2] analyzed the carrying rope bouncing and the free vibration due to the instant elastic energy release at cargo's unhooking based on the theory of string vibration. The results provide some guidance for the installation design, the improvement of the technology and the safety code of practice for forestry aerial cableways. Pi [3] addresses the vibration control of beams subjected to a moving damping cylinder and tensioned blocks. The tensioned pulley is set at the bottom of compensating ropes, which is driven by compensating ropes. The technical solution of the tensioned traction system is shown in Figure 1d . It is supported by bearing. Further, it is guided vertically by linear slide rail. The tensioned blocks and damping cylinder are respectively placed on the upper and lower part of the tensioned pulley. Using self-gravity of tensioned pulley and tensioned blocks, the tensioned pulley can tension the compensating ropes and limit the swing of the tail of compensating rope. The system is arranged symmetrically. First of all, there are several assumptions made here to restrict the analysis. rope. The system is arranged symmetrically. First of all, there are several assumptions made here to restrict the analysis. 1) Since the cable bending stiffness is quite small [25] , it is neglected in this paper;
2) The mass per unit length ρi, (i = 1, 2, 3, 4) of ropes are both assumed to be uniform; 3) Due to restriction of the guide rail, rotation of the conveyance is small enough which can be neglected. Therefore, longitudinal and transverse vibration of the conveyance is considered in this paper;
4) The bending sections of the ropes in the groove arc of the driving drum and tensioned pulley are equivalent to that attached to the groove and its motion has no effect on the vibration characteristics of the system. Therefore, its vibration characteristics are ignored here. Therefore, the rope of the system is divided into four sections: left lifting rope, right lifting rope, left compensating rope and right compensating rope [23] . (1) Since the cable bending stiffness is quite small [25] , it is neglected in this paper;
(2) The mass per unit length ρ i , (i = 1, 2, 3, 4) of ropes are both assumed to be uniform;
(3) Due to restriction of the guide rail, rotation of the conveyance is small enough which can be neglected. Therefore, longitudinal and transverse vibration of the conveyance is considered in this paper; (4) The bending sections of the ropes in the groove arc of the driving drum and tensioned pulley are equivalent to that attached to the groove and its motion has no effect on the vibration characteristics of the system. Therefore, its vibration characteristics are ignored here. Therefore, the rope of the system is divided into four sections: left lifting rope, right lifting rope, left compensating rope and right compensating rope [23] .
The dynamical response of the elevator ropes subjected to dynamic loading due to excitation from drum are represented by the longitudinal and transverse displacements denoted as u i (x i , t) and y i (x i , t), where the subscript (i = 1, 2, 3, 4) corresponds to sections of the ropes' length l i (t), i = 1, 2, 3, 4, respectively. Here, x i , u i (x i , t), y i (x i , t) and l i (t), (i = 1, 2, 3, 4) is the measurement, longitudinal vibration, transverse vibration and length of left lifting rope, left compensating rope, right compensating rope and right lifting rope correspondingly.
Here, the compensation rope and lifting rope on the same side are complementary. Therefore, equality can be obtained: l 3 (t) = l 1 (t), l 4 (t) = l 2 (t). l 1 (t) + l 2 (t) + L convey = l 3 (t) + l 4 (t) + L convey = L. L convey is the length of conveyances and L is the length of guide rail.
Because the tensioned pulley is equipped with guide rail, the tensioned pulley is restricted to move in the longitudinal direction only. Here, u p (t) and θ(t) are the longitudinal displacement and rotation of the tensioned pulley. Based on the previous assumptions, dynamic responses of the conveyance are represented by the longitudinal and transverse dynamic displacements, which are donated as u c i (t) and y c i (t), (i = 1, 2).
Derivation of the Accurate Mathematical Model
Based on the physical model of the previous section, using energy method of analytical mechanics, the kinetic energy of the system is given as follows: 
where
The potential energy E p (t) of traction system is a function of vibration displacement, which is given as follows:
where the symbols E and A stand for the modulus of elasticity and cross-sectional area of ropes. Further, ε i (i = 1, 2, 3, 4) stand for the elastic strain of ropes. T i (x i , t), i = 1, 2, 3, 4 donate the tension of the compensating and lifting rope. Specific expressions are provided in Appendix A. The gravitational potential energy E g (t) of traction system is given as follows:
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During the lifting progress, the cable will be affected by distributed damping force. Therefore, the virtual work δW c (t) done by the non-conservative force on the system can be represented as:
where, c 1i and c 2i , i = 1, 2, 3, 4 are the damping of ropes. Except that, there still exists forces concentrated at the boundary affecting the system. Additionally, those are: the interaction forces between the conveyances and lifting(compensating) ropes and the interaction forces between the tensioned pulley and compensating ropes. Specific expressions of virtual work δW b (t) are provided in Appendix B.
Here, the governing of the equation can be derived from Hamilton's principle:
Substituting Equations (1)-(4) and Appendix B into the Hamilton's principle Equation (5), the governing equations of the system can be obtained as follows:
m i a i + ..
Meanwhile, the time boundary conditions and geometric boundary conditions of the system are applied in the above operation process, namely:
The longitudinal and transverse force boundary conditions can be obtained as Equation (11) .
And the geometric boundary conditions are:
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As shown in above section, the governing equation is a mixed partial and ordinary differential equations with infinite dimension in mathematical form. Many parameters are time-varying, so they can't be obtained by analytical method, only by numerical method.
In order to facilitate solving the governing equation, the lifting rope with non-homogeneous boundary condition should be translation in two parts: homogeneous y i (x i , t) and non-homogeneous h i (x i , t) boundary condition to get the general result. Further, the following transformation is introduced:
Furthermore, the excitation function is approximately a function of linear distribution, where h i (x i , t) is shown as follows:
Substituting Equation (13) into Equation (7), the transverse governing equation can be obtained:
The Specific expressions of Q i (x i , t) are provided in Appendix C.
As for the transverse displacements of compensating ropes y 2 (x 2 , t) and y 3 (x 3 , t), the transverse excitation mainly comes from the excitation introduced from the boundary of conveyances. Therefore, the excitation is introduced through the boundary. Further, the following transformation is introduced:
Substituting Equation (16) into Equation (7), the transverse governing equation of the compensating ropes can be obtained:
where,
Here, a discrete model can be derived via the Galerkin method. We define the one non-dimensional parameter as
According to the chain derivation rule, the partial derivatives of time t and space x can be obtained as follows:
Based on the continuous characteristics of ropes, the dynamic displacement coordinates can be approximated using the assuming modal method (AMM). The transverse and longitudinal displacement of lifting and compensating rope are assumed as follows: (19) where N 1 and N 2 denote the included discrete order of the lifting and compensating rope longitudinal and transverse displacements, respectively. q u i ,j (t) and q y i ,j (t) are the generalized coordinates of the traction system. ψ i,j (ξ i ) and ϕ i,j (ξ i ) are the corresponding trial functions that satisfy the homogeneous boundary conditions and constraint equations of the system. Further, the specific form of the selected trial function is shown in Appendix D.
Applying Green's formula yields the discretized equations as follows:
where M u (M y ), C u (C y ), K u (K y ), and Q u (Q y ) are the mass, damping, stiffness, and force matrices of longitudinal(transverse) vibration, respectively. N u and N y are the coupling terms introduced by the interaction between transverse and longitudinal vibration. p u and p y are the total of generalised displacements of longitudinal and transverse vibration, which can be written as:
Φ(q) represents the constraint equations. Φ u and Φ y is a Jacobian matrix of the constraint equations, which can be written as:
The entries of the matrices and force vector of the Equation (20) are listed in Appendix E. Rewritten as a unified matrix form:
Equation (23) is a mixed-differential-algebraic equation. Because the constraint equations and their Lagrangian multipliers need to be discrete, there are difficulties with a numerical solution. Here, the generalized-α algorithm is selected to solve the mixed differential-algebraic equation.
The basic iterative form of the algorithm is as follows:
.
where, h = t N+1 -t N is time step; and N represents the Nth time step; q N = q(t N ) represents the value of a generalized coordinate at t N ; the vector a N of acceleration-like variables is defined by the following recursive relationship: 
Optimal algorithmic parameters α m , α f , γ and β are proposed to second-order ODEs by Chung. The numerical solution is obtained by a predictor-corrector strategy as for the algorithm.
At the correction step, it needs to use Newton iterative algorithm to solve the moving unknown force and the generalized coordinates in each integral step simultaneously. The iterative equation can be transformed into the following form:
where, res q and res Φ denote the residual vectors of equilibrium and constraints. Further, S t denotes the augmented tangent matrix expressed in the following form:
hβ . Through multi-step iteration, the differential-algebraic equations can be solved, meaning the dynamical responses of the traction system can be obtained.
Study Case
To obtain dynamical responses, numerical simulations were applied to bilateral traction system. The typical parameters for system are defined as following Table 1 . Table 1 . Key parameters.
Parameter.
Description Value
The linear density of lifting(compensating) rope 9.56 kg/m N The number of ropes 4 m c 1 (m c 2 )
The mass of bilateral conveyances 61 t E
The elastic modulus of ropes 1.02 × 10 11 pa D_rope
The diameter of ropes 48mm m p
The mass of tensioned pulley 4 t r p
The radius of tensioned pulley 2.25 m k c
The stiffness between conveyances and guide 2.1 × 10 5 N/m c c
The damping between conveyances and guide 1.4 × 10 4 N/s l initial
The initial lengths of the left lifting ropes 853 m l end
The final lengths of the left lifting ropes 30 m
In the following results, the static displacement caused by gravitational potential energy is ignored. As shown in the following figures, the generation of the excitation is due to the non-roundness of the drum, so the frequency of the excitation is related to the running speed of the drum, which can be expressed as ω e = v d /R d , where v d is the linear speed of drum operation, R d is the radius of drum, ω e is the frequency of excitation. Further, the expression of following symbols is in the nomenclature of appendix, such as U C 1 , U C 2 , Y C 1 , Y C 2 and so on.
Comparison between Traditional Traction System and Tensioned Traction System
The model of traditional traction lifting system is shown in Figure 1a . The dynamical behaviour of traditional traction system has been studied by many scholars. In previous studies, most scholars have considered the compensating rope as a time-varying concentrated mass attached to the conveyance. Wu [26] obtained the transverse vibration characteristics of a traditional traction system. In this paper, by assuming the equivalent mass of balance rope with time-varying length lumped on conveyance, a transverse vibration model for mine friction hoist was established in accordance with the Hamilton's principle. Chang [27] established the finite element vibration model of multi-rope friction lifting system with tension balancing device. In this paper, the compensating rope is also equivalent to the mass block added on the container. The compensating rope is directly suspended and not tensioned in traditional traction system, which means its property is only inertia and no stiffness. Therefore, it can be regarded as a time-varying mass attached to the conveyance. The mass of compensating rope is equal to the product of line density and the length of the compensating rope. Therefore, this value varies with time. Using a numerical solution, the dynamic characteristics of the traditional traction system can be obtained. Here, gravitational potential energy and static displacement of the system under terminal tension is ignored. Figure 2 shows the longitudinal vibration at the conveyance of tensioned and traditional traction system. In this figure, it can be seen that longitudinal displacement of tensioned traction system is much smaller than that of traditional traction system, especially in resonance regions. Caused by the change of physical properties of compensation rope, the resonance regions are also varying between two traction system. This can be proven by Figure 3 . In this figure, the longitudinal natural frequency of traditional traction system is much higher than that of tensioned traction system, which results in variation of the intersection between frequency of excitation and natural frequency. Furthermore, it affects positions of the resonance regions. 
The model of traditional traction lifting system is shown in Figure 1a . The dynamical behaviour of traditional traction system has been studied by many scholars. In previous studies, most scholars have considered the compensating rope as a time-varying concentrated mass attached to the conveyance. Wu [26] obtained the transverse vibration characteristics of a traditional traction system. In this paper, by assuming the equivalent mass of balance rope with time-varying length lumped on conveyance, a transverse vibration model for mine friction hoist was established in accordance with the Hamilton's principle. Chang [27] established the finite element vibration model of multi-rope friction lifting system with tension balancing device. In this paper, the compensating rope is also equivalent to the mass block added on the container. The compensating rope is directly suspended and not tensioned in traditional traction system, which means its property is only inertia and no stiffness. Therefore, it can be regarded as a time-varying mass attached to the conveyance. The mass of compensating rope is equal to the product of line density and the length of the compensating rope. Therefore, this value varies with time. Using a numerical solution, the dynamic characteristics of the traditional traction system can be obtained. Here, gravitational potential energy and static displacement of the system under terminal tension is ignored. Figure 2 shows the longitudinal vibration at the conveyance of tensioned and traditional traction system. In this figure, it can be seen that longitudinal displacement of tensioned traction system is much smaller than that of traditional traction system, especially in resonance regions. Caused by the change of physical properties of compensation rope, the resonance regions are also varying between two traction system. This can be proven by Figure 3 . In this figure, the longitudinal natural frequency of traditional traction system is much higher than that of tensioned traction system, which results in variation of the intersection between frequency of excitation and natural frequency. Furthermore, it affects positions of the resonance regions. . Thus, 01 i   . From the result, it can be seen that the longitudinal vibration of lifting ropes can be well restrained in the whole operation stage due to the terminal tension acting on the compensating rope. Especially when the rope resonates, the amplitude of longitudinal displacement of tensioned traction is much smaller than that of traditional system. Figure 6 shows the comparison of transverse vibration at the conveyance of tensioned and traditional traction system. In this figure, it can be seen that in ascending process, the terminal tension acting on the compensating rope doesn't affect the transverse vibration at the conveyance. But in the descending progress, the application of tension can restrain the transverse vibration to some extent. Especially in the resonance region from 20s to 60 s, it can better suppress the transverse vibration. From the result, it can be seen that the longitudinal vibration of lifting ropes can be well restrained in the whole operation stage due to the terminal tension acting on the compensating rope. Especially when the rope resonates, the amplitude of longitudinal displacement of tensioned traction is much smaller than that of traditional system. Figure 6 shows the comparison of transverse vibration at the conveyance of tensioned and traditional traction system. In this figure, it can be seen that in ascending process, the terminal tension acting on the compensating rope doesn't affect the transverse vibration at the conveyance. But in the descending progress, the application of tension can restrain the transverse vibration to some extent. Especially in the resonance region from 20s to 60 s, it can better suppress the transverse vibration.
Three dimensional transverse displacements diagram of any point on lifting ropes with time are shown in Figures 7 and 8 , where the coordinates represent position of ropes ξ i (x i /l i ), time t and transverse displacement Y i (x i , t) i=1,4, respectively. As shown in Figure 2 , Y 1 (x 1 , t) is the transverse displacement of left lifting rope. Further, Y 4 (x 4 , t) is the transverse displacement of right lifting rope. The left figure is the transverse displacement of tensioned traction system. The right figure is the transverse displacement of traditional traction system. Compared with the traditional traction system, it is found that the application of terminal tension to tension compensating rope can restrain the transverse vibration of lifting ropes, especially in the resonance region, which is consistent with the change trend at the conveyance. The suppression effect can be clearly seen in Regions A and B of Figures 7 and 8 . In Region A, it can be seen that the resonance phenomenon, which occurs in traditional traction system, is eliminated with terminal tension acting on compensating rope to make it in tensioned state. Further, the overall transverse amplitude of the system is also reduced a lot. 
Y x t is the transverse displacement of right lifting rope. The left figure is the transverse displacement of tensioned traction system. The right figure is the transverse displacement of traditional traction system. Compared with the traditional traction system, it is found that the application of terminal tension to tension compensating rope can restrain the transverse vibration of lifting ropes, especially in the resonance region, which is consistent with the change trend at the conveyance. The suppression effect can be clearly seen in Regions A and B of Figures 7 and 8. In Region A, it can be seen that the resonance phenomenon, which occurs in traditional traction system, is eliminated with terminal tension acting on compensating rope to make it in tensioned state. Further, the overall transverse amplitude of the system is also reduced a lot.
A A ii Y x t i=1,4, respectively. As shown in Figure 2 , 11 ( , ) Y x t is the transverse displacement of left lifting rope. Further, 44 ( , ) Y x t is the transverse displacement of right lifting rope. The left figure is the transverse displacement of tensioned traction system. The right figure is the transverse displacement of traditional traction system. Compared with the traditional traction system, it is found that the application of terminal tension to tension compensating rope can restrain the transverse vibration of lifting ropes, especially in the resonance region, which is consistent with the change trend at the conveyance. The suppression effect can be clearly seen in Regions A and B of Figures 7 and 8. In Region A, it can be seen that the resonance phenomenon, which occurs in traditional traction system, is eliminated with terminal tension acting on compensating rope to make it in tensioned state. Further, the overall transverse amplitude of the system is also reduced a lot. ii Y x t i=1,4, respectively. As shown in Figure 2 
Y x t is the transverse displacement of right lifting rope. The left figure is the transverse displacement of tensioned traction system. The right figure is the transverse displacement of traditional traction system. Compared with the traditional traction system, it is found that the application of terminal tension to tension compensating rope can restrain the transverse vibration of lifting ropes, especially in the resonance region, which is consistent with the change trend at the conveyance. The suppression effect can be clearly seen in Regions A and B of Figures 7 and 8. In Region A, it can be seen that the resonance phenomenon, which occurs in traditional traction system, is eliminated with terminal tension acting on compensating rope to make it in tensioned state. Further, the overall transverse amplitude of the system is also reduced a lot. 11 shows the longitudinal response of the bilateral traction system at the ascending conveyance ( Figure 9 ), descending conveyance ( Figure 10 ) and tensioned pulley ( Figure 11 ). Furthermore, the red, green, blue and yellow line stand for the response with terminal tension of 7 × 10 4 N, 1 × 10 5 N, 1.5 × 10 5 N, 2 × 10 5 N, respectively. From the results, it is evident that the amplitude and frequency of longitudinal vibration of the conveyances and tensioned pulley won't change with the magnitude of the terminal tension acting on the tensioned pulley. 
Discussion on Tensioned Pattern

Different Tension Acting on Tensioned Pulley
Figures 9-11 shows the longitudinal response of the bilateral traction system at the ascending conveyance (Figure 9 ), descending conveyance ( Figure 10 ) and tensioned pulley ( Figure 11 ). Furthermore, the red ,green, blue and yellow line stand for the response with terminal tension of Terminal tension = 710 4 Terminal tension = 110 5 Terminal tension = 1.510 5 Terminal tension = 210 5 
Discussion on Tensioned Pattern
Different Tension Acting on Tensioned Pulley
Figures 9-11 shows the longitudinal response of the bilateral traction system at the ascending conveyance (Figure 9 ), descending conveyance ( Figure 10 ) and tensioned pulley ( Figure 11 ). Furthermore, the red ,green, blue and yellow line stand for the response with terminal tension of Terminal tension = 710 4 Terminal tension = 110 5 Terminal tension = 1.510 5 Terminal tension = 210 5 However, in Figures 9 and 10 , the trend of longitudinal displacement is not horizontal. Due to the ascending and descending run of conveyances, the stiffness of lifting and compensating rope is time-varying. Here, gravity is ignored. However, the static displacement caused by the terminal tension acting on the tensioned pulley does still exist. This is the reason why the trend of the longitudinal displacement is declining. Further, it is evident that the angle of inclination is proportional to the magnitude of terminal tension. It can be concluded that the magnitude of terminal tension only affects the static displacement of the system. However, in terms of the characteristics of vibration, increasing the value of terminal tension has no effect on changes of longitudinal vibration characteristics of the bilateral traction system.
Different Damping Acting on Tensioned Pulley
In the above results, the compensating rope is just tensioned by adding terminal tension acting on the tensioned pulley. Compared with the traditional traction system, terminal tension can suppress the longitudinal vibration of the system to a certain extent. However, just as mentioned in Section 3.2.1, only increasing terminal tension can't further suppress the vibration of the bilateral traction system.
Here, in order to suppress the vibration of the bilateral traction system more deeply, the damping cylinder is installed between the tensioned pulley and ground. Further, the dynamical response of system with terminal tension and damping cylinder acting on the tensioned pulley is shown in Figures 12-15 . Here, the terminal tension is set as
N at all times. The dynamical response of the conveyances and tensioned pulley are shown in Figure 12a ,b,c-1, Figure 13a ,b,c-1, Figure 14a ,b,c-1 and Figure 15a ,b,c-1. In order to see the influence of bottom damping on the time and frequency domain of vibration characteristics, the continuous wavelet transform and Fourier transform are applied to the dynamic response, which are shown in Figure  12a ,b,c-2, Figure 13a ,b,c-2, Figure 14a ,b,c-2, Figure 15a ,b,c-2 and Figure 12a ,b,c-3, Figure 13a ,b,c-3, Figure 14a ,b,c-3 and Figure 15a ,b,c-3, respectively. From Figure 12a ,b,c-2, Figure 13a ,b,c-2, Figure  14a ,b,c-2 and Figure 15a ,b,c-2, it can be seen that the maximum energy in the running process, which can correspond to the dynamic response which is shown in Figure 12a ,b,c-1, Figure 13a However, in Figures 9 and 10 , the trend of longitudinal displacement is not horizontal. Due to the ascending and descending run of conveyances, the stiffness of lifting and compensating rope is time-varying. Here, gravity is ignored. However, the static displacement caused by the terminal tension acting on the tensioned pulley does still exist. This is the reason why the trend of the longitudinal displacement is declining. Further, it is evident that the angle of inclination is proportional to the magnitude of terminal tension. It can be concluded that the magnitude of terminal tension only affects the static displacement of the system. However, in terms of the characteristics of vibration, increasing the value of terminal tension has no effect on changes of longitudinal vibration characteristics of the bilateral traction system.
Here, in order to suppress the vibration of the bilateral traction system more deeply, the damping cylinder is installed between the tensioned pulley and ground. Further, the dynamical response of system with terminal tension and damping cylinder acting on the tensioned pulley is shown in Figures 12-15 . Here, the terminal tension is set as 7 × 10 4 N at all times.
The dynamical response of the conveyances and tensioned pulley are shown in Figure 12a ,b,c-1, Figure 13a ,b,c-1, Figure 14a ,b,c-1 and Figure 15a ,b,c-1. In order to see the influence of bottom damping on the time and frequency domain of vibration characteristics, the continuous wavelet transform and Fourier transform are applied to the dynamic response, which are shown in Figure 12a ,b,c-2, Figure 13a ,b,c-2, Figure 14a ,b,c-2, Figure 15a ,b,c-2 and Figure 12a ,b,c-3, Figure 13a ,b,c-3, Figure 14a ,b,c-3 and Figure 15a ,b,c-3, respectively. From Figure 12a ,b,c-2, Figure 13a ,b,c-2, Figure 14a ,b,c-2 and Figure 15a ,b,c-2, it can be seen that the maximum energy in the running process, which can correspond to the dynamic response which is shown in Figure 12a ,b,c-1, Figure 13a ,b,c-1, Figure 14a ,b,c-1 and Figure 15a ,b,c-1, and can obtain the corresponding frequency. By compare the corresponding frequency of Figure 12a ,b,c-2, Figure 13a ,b,c-2, Figure 14a ,b,c-2 Figure 15a ,b,c-2 and Figure 12a ,b,c-3, Figure 13a ,b,c-3, Figure 14a ,b,c-3 and Figure 15a ,b,c-3, the amplitude corresponding to the frequency of the maximum energy point can be obtained. By comparing Figure 12a ,b,c-1, Figure 13a ,b,c-1, Figure 14a ,b,c-1 and Figure 15a ,b,c-1, Figure 12a ,b,c-2, Figure 13a ,b,c-2, Figure 14a ,b,c-2 Figure 15a ,b,c-2, Figure 12a ,b,c-3, Figure 13a ,b,c-3, Figure 14a ,b,c-3 and Figure 15a ,b,c-3, the same location and frequency of each figure can be marked one by one correspondingly. Here, we mark the region with the largest energy point and mark it uniformly with Zones A, C and D. There is a special point marked in the graph after fast Fourier transform (FFT) transformation, which is set as Point B. This is the excitation frequency of the system at constant speed.
at the ascending conveyance. It can be seen that energy concentration points are mainly concentrated in Zone A and Zone C. Zone A is the increase of vibration amplitude caused by the sudden change of running acceleration because the rope is long, and the vibration frequency is about 0.6-0.7 Hz. The increase of amplitude and frequency of Zone C is due to the system's resonance, and the vibration frequency is about 1-1.1 Hz. Under the same frequency excitation, the vibration frequency in the resonance region is about twice of that in the non-resonance region.
Comparing Figure 12a -c, it can be seen that vibration amplitude of Region A is basically completely dissipated due to the increase of damping. Although the energy of Region C also dissipates, the dissipating speed of that is not as fast as that of Region A, so that the maximum energy region of system changes from Region A to Region C with the increase of damping. It can be seen that the suppressing effect of terminal damping on resonance suppression is not ideal. However, the suppressing effect on the non-resonance region is very strong. In the process of increasing damping, the excitation frequency which is shown as Point B is gradually prominent, so the proportion of its frequency's amplitude gradually increases.
(a-1) Figure 13 shows time-frequency characteristics of longitudinal response of the bilateral traction system at the descending conveyance. Energy concentration points are mainly concentrated in Zone A. The increase of amplitude and frequency of Zone A is due to the resonance of the system. Zone C is the non-resonance region. By comparing the time-domain signal with the frequency-domain signal after the FFT transformation, the suppressing effect of terminal damping on Region C is better than that of Region A. Just as the same phenomenon of Figure 12 , in the process of increasing damping, the excitation frequency which is shown as Point B is gradually prominent, and the proportion of its frequency's amplitude gradually increases. From Figures 12 and 13 , it can be concluded that terminal damping has a vibration suppression effect on both resonance and non-resonance regions of dynamical response of ascending and descending conveyance in general. However, the suppression effect of terminal damping on resonance region is not as good as that on non-resonance region. Further, the excitation frequency Figure 16 shows the variation of largest amplitude of longitudinal vibration bilateral tensioned traction system along with time. It is evident that the maximum amplitude of the longitudinal vibration of the system decreases with the increase of damping. Especially in resonance C, the resonance amplitude of the system is greatly reduced due to the damping effect, even eliminate resonance. Figure 16 shows the variation of largest amplitude of longitudinal vibration bilateral tensioned traction system along with time. It is evident that the maximum amplitude of the longitudinal vibration of the system decreases with the increase of damping. Especially in resonance C, the resonance amplitude of the system is greatly reduced due to the damping effect, even eliminate resonance. Figure 12 shows time-frequency characteristics of longitudinal response of the traction system at the ascending conveyance. It can be seen that energy concentration points are mainly concentrated in Zone A and Zone C. Zone A is the increase of vibration amplitude caused by the sudden change of running acceleration because the rope is long, and the vibration frequency is about 0.6-0.7 Hz. The increase of amplitude and frequency of Zone C is due to the system's resonance, and the vibration frequency is about 1-1.1 Hz. Under the same frequency excitation, the vibration frequency in the resonance region is about twice of that in the non-resonance region.
Comparing Figure 12a -c, it can be seen that vibration amplitude of Region A is basically completely dissipated due to the increase of damping. Although the energy of Region C also dissipates, the dissipating speed of that is not as fast as that of Region A, so that the maximum energy region of system changes from Region A to Region C with the increase of damping. It can be seen that the suppressing effect of terminal damping on resonance suppression is not ideal. However, the suppressing effect on the non-resonance region is very strong. In the process of increasing damping, the excitation frequency which is shown as Point B is gradually prominent, so the proportion of its frequency's amplitude gradually increases. Figure 13 shows time-frequency characteristics of longitudinal response of the bilateral traction system at the descending conveyance. Energy concentration points are mainly concentrated in Zone A. The increase of amplitude and frequency of Zone A is due to the resonance of the system. Zone C is the non-resonance region. By comparing the time-domain signal with the frequency-domain signal after the FFT transformation, the suppressing effect of terminal damping on Region C is better than that of Region A. Just as the same phenomenon of Figure 12 , in the process of increasing damping, the excitation frequency which is shown as Point B is gradually prominent, and the proportion of its frequency's amplitude gradually increases.
From Figures 12 and 13 , it can be concluded that terminal damping has a vibration suppression effect on both resonance and non-resonance regions of dynamical response of ascending and descending conveyance in general. However, the suppression effect of terminal damping on resonance region is not as good as that on non-resonance region. Further, the excitation frequency which is shown as Point B is gradually prominent with the increase of terminal damping. Therefore, as shown in Figure 12a ,b,c-3 and Figure 13a ,b,c-3 by Fourier transform, when the terminal damping is large enough, the amplitude of the resonance frequency and excitation frequency component will be prominent, and the amplitude of other vibration frequency components will be dissipated, even eliminated. The excitation frequency will also be dissipated, but it will never disappear. Figures 14 and 15 show time-frequency characteristics of longitudinal response and rotation of the bilateral traction system at the tensioned pulley. In these figures, there are two resonances occurred in the process, which are also the energy concentration point, mainly because they are affected by the longitudinal vibration of both ascending and descending side comprehensively. Comparing Regions A, C and D, the energy is gradually decreasing due to the increase of terminal damping. In Figure 14 , it can be seen that the main frequency affecting the longitudinal vibration of the tensioned pulley is the excitation frequency shown as Point B. Just as with the same conclusion in Figures 12 and 13 , the resonance frequency and excitation frequency component will be the major components with the increase of terminal damping. Figure 16 shows the variation of largest amplitude of longitudinal vibration bilateral tensioned traction system along with time. It is evident that the maximum amplitude of the longitudinal vibration of the system decreases with the increase of damping. Especially in resonance C, the resonance amplitude of the system is greatly reduced due to the damping effect, even eliminate resonance. Figure 17 is the position statistics of largest amplitude of longitudinal vibration of tensioned traction system. Herein lies the concept. The place where the largest vibration position is called the dangerous section. Further, in order to represent the location of statistics, lifting and compensating ropes are average divided into 100 segments respectively and their positions are dimensionless. Among them, 0 represents the head of the lifting rope, 1 represents the end of compensating rope, 0.5 represents the position where the conveyance sits, and its position is relative. From the following results, almost all dangerous sections are basically concentrated at the head of the lifting rope, the end of the compensating rope and the position of the conveyance. The most dangerous section is at the end of compensating rope, and the secondary hazard section is at the head of the lifting rope. The third place is the conveyance. Caused by damping directly applied to the tensioner where it is closest to the end of compensation rope, it can reduce its proportion as the dangerous section to a certain extent, and the proportion transfer from the end of the compensation rope to the conveyance. However, the end of the compensating rope takes the largest proportion as the dangerous section which won't change with the variation of terminal damping. Figure 17 is the position statistics of largest amplitude of longitudinal vibration of tensioned traction system. Herein lies the concept. The place where the largest vibration position is called the dangerous section. Further, in order to represent the location of statistics, lifting and compensating ropes are average divided into 100 segments respectively and their positions are dimensionless. Among them, 0 represents the head of the lifting rope, 1 represents the end of compensating rope, 0.5 represents the position where the conveyance sits, and its position is relative. From the following results, almost all dangerous sections are basically concentrated at the head of the lifting rope, the end of the compensating rope and the position of the conveyance. The most dangerous section is at the end of compensating rope, and the secondary hazard section is at the head of the lifting rope. The third place is the conveyance. Caused by damping directly applied to the tensioner where it is closest to the end of compensation rope, it can reduce its proportion as the dangerous section to a certain extent, and the proportion transfer from the end of the compensation rope to the conveyance. However, the end of the compensating rope takes the largest proportion as the dangerous section which won't change with the variation of terminal damping.
(a-1) (a-2) (a-3) Figure 17 is the position statistics of largest amplitude of longitudinal vibration of tensioned traction system. Herein lies the concept. The place where the largest vibration position is called the dangerous section. Further, in order to represent the location of statistics, lifting and compensating ropes are average divided into 100 segments respectively and their positions are dimensionless. Among them, 0 represents the head of the lifting rope, 1 represents the end of compensating rope, 0.5 represents the position where the conveyance sits, and its position is relative. From the following results, almost all dangerous sections are basically concentrated at the head of the lifting rope, the end of the compensating rope and the position of the conveyance. The most dangerous section is at the end of compensating rope, and the secondary hazard section is at the head of the lifting rope. The third place is the conveyance. Caused by damping directly applied to the tensioner where it is closest to the end of compensation rope, it can reduce its proportion as the dangerous section to a certain extent, and the proportion transfer from the end of the compensation rope to the conveyance. However, the end of the compensating rope takes the largest proportion as the dangerous section which won't change with the variation of terminal damping.
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In the above results, it can be seen that increasing damping between tensioned pulley and ground both can suppress the longitudinal vibration of the system. When damping of tensioned pulley is in the interval of 0 − 2 × 10 5 N/s, the sum of squares and standard deviation of the vibration's amplitude of the tensioned system is decreased rapidly. When damping of tensioned pulley is in the interval of 2 × 10 5 − 8 × 10 5 N/s, the decrease rate of sum of squares and standard deviation of vibration's amplitude is obviously reduced. When the damping is very large, with the increase of damping, the variance and square sum of the system basically have no change. It can be seen that there is not a linear relationship between the increase of damping of damping cylinder and the decrease of vibration amplitude total Q and standard deviation total S of the dynamical response of the tensioned system is calculated to reflect the vibration amplitude variation characteristics of the system. Here, the results are the sum of lifting ropes, compensating ropes, tensioned pulley and conveyances. Caused by the transitivity of longitudinal vibration, the vibration of the ropes can be represented by evenly setting discrete points on the rope. By observing the vibration of these points, the vibration of the whole system can be inferred. Here, 100 observation points are placed on the lifting and compensating ropes accordingly.
(N· s/m) In the above results, it can be seen that increasing damping between tensioned pulley and ground both can suppress the longitudinal vibration of the system. When damping of tensioned pulley is in the interval of 0 − 5 2 10  N/s, the sum of squares and standard deviation of the vibration's amplitude of the tensioned system is decreased rapidly. When damping of tensioned pulley is in the interval of 5 2 10  − 5 8 10  N/s, the decrease rate of sum of squares and standard deviation of vibration's amplitude is obviously reduced. When the damping is very large, with the increase of damping, the variance and square sum of the system basically have no change. It can be seen that there is not a linear relationship between the increase of damping of damping cylinder and the decrease of vibration amplitude. The results show that the amplitude of system decreases exponentially with the increase of the terminal damping acting on tensioned pulley.
Discussion on Different Running Speed of Traction System
During the operation of bilateral tensioned system, different running speed will produce different dynamical response. Figures 21-24 shows the longitudinal response of ascending and descending conveyances and tensioned pulley under different running speed. The black, red, green line stand for the system of running speed is 12 m/s, 13.66 m/s, 15 m/s. From the perspective of dynamic response, it can be seen that the resonance positions of the system are also different with the different running speed. However, with the increase of the system speed, it is found that the overall amplitude of the longitudinal response of conveyances and tensioned pulley is decreasing, especially in the resonance region, which even will eliminate resonance phenomenon of the system. Therefore, running speed of the system is not positively related to the vibration amplitude of the system, even in a negative proportion. 
During the operation of bilateral tensioned system, different running speed will produce different dynamical response. Figures 21-24 shows the longitudinal response of ascending and descending conveyances and tensioned pulley under different running speed. The black, red, green line stand for the system of running speed is 12 m/s, 13.66 m/s, 15 m/s. From the perspective of dynamic response, it can be seen that the resonance positions of the system are also different with the different running speed. However, with the increase of the system speed, it is found that the overall amplitude of the longitudinal response of conveyances and tensioned pulley is decreasing, especially in the resonance region, which even will eliminate resonance phenomenon of the system. Therefore, running speed of the system is not positively related to the vibration amplitude of the system, even in a negative proportion. This is a strange phenomenon. The faster the speed is, the smaller the amplitude is. The slower the speed is, the more violent the vibration is, and the larger the amplitude is. The reason can be obtained through the frequency chart, as shown in Figure 25 . This is because the running speed will affect the excitation frequency, and the change of excitation frequency will have a huge impact on the vibration response of the system. When the excitation frequency is close to the natural frequency of This is a strange phenomenon. The faster the speed is, the smaller the amplitude is. The slower the speed is, the more violent the vibration is, and the larger the amplitude is. The reason can be obtained through the frequency chart, as shown in Figure 25 . This is because the running speed will affect the excitation frequency, and the change of excitation frequency will have a huge impact on the vibration response of the system. When the excitation frequency is close to the natural frequency of the system, there will be resonance in the system, and the vibration amplitude will also increase significantly. Therefore, the change of system operation speed is positively related to the excitation frequency, which affects the relationship between the excitation frequency and the natural frequency, and then affects the response change of the system. Therefore, it is not that the smaller the speed of the system, the smaller the vibration amplitude of the system. This is a strange phenomenon. The faster the speed is, the smaller the amplitude is. The slower the speed is, the more violent the vibration is, and the larger the amplitude is. The reason can be obtained through the frequency chart, as shown in Figure 25 . This is because the running speed will affect the excitation frequency, and the change of excitation frequency will have a huge impact on the vibration response of the system. When the excitation frequency is close to the natural frequency of the system, there will be resonance in the system, and the vibration amplitude will also increase significantly. Therefore, the change of system operation speed is positively related to the excitation frequency, which affects the relationship between the excitation frequency and the natural frequency, and then affects the response change of the system. Therefore, it is not that the smaller the speed of the system, the smaller the vibration amplitude of the system. 
Conclusions
In this paper, the complete mathematical model of bilateral traction system is established based on Hamilton's principle, which takes into account the transverse and longitudinal coupling effect of ropes. The governing equations and boundary conditions are obtained. From the results, it is evident that when the compensating rope is in tensioned state, the amplitudes of longitudinal and transverse vibration of ropes and conveyances will be much smaller than that of traditional traction system when the compensating rope is in free suspended state. Further, and considering that the length of 
In this paper, the complete mathematical model of bilateral traction system is established based on Hamilton's principle, which takes into account the transverse and longitudinal coupling effect of ropes. The governing equations and boundary conditions are obtained. From the results, it is evident that when the compensating rope is in tensioned state, the amplitudes of longitudinal and transverse vibration of ropes and conveyances will be much smaller than that of traditional traction system when the compensating rope is in free suspended state. Further, and considering that the length of lifting rope and compensating rope is complementary, the veering phenomena appears in the frequency of each order. Two tensioned methods are discussed. From the results, it is found that the terminal tension acting on compensating rope can only change the static displacement of ropes, which won't change the dynamical displacement. Besides, setting damping cylinder between tensioned pulley and ground can suppress the longitudinal vibration and rotation vibration of the tensioned bilateral traction system. Especially at the resonance region, the increase of the damping's value can even eliminate longitudinal resonance region. When the terminal damping is large enough, the amplitude of the resonance frequency and excitation frequency component will be prominent, which can be proven by continuous wavelet transform (CWT) and FFT. The amplitude of system decreases exponentially with the increase of the terminal damping acting on the tensioned pulley, which is a non-linear relationship. Except that, different running speed of tensioned traction system is discussed. It can be seen that the magnitude of vibration amplitude of tensioned traction system is not necessarily proportional to the magnitude of the velocity, but rather, inversely proportional. The prediction can then inform the development of relevant mitigating strategies to minimize the effects of excessive vibrations and improve ride quality. 
Appendix C
The Specific expressions of generalized transverse force Q i (x i , t), i = 1, 4 are derived as follows:
where, Q u i = [q u i ,1 , q u i ,2 · · · · · · q u i ,N ], ψ i = [ψ i,1 , ψ i,2 · · · · · · ψ i,N ].
